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P.R. Scott posed the problem of determining the minimum number of directions determined 
by n points which are not all collinear in the plane. We consider a generalization of this 
problem for oriented marroids. We prove the following theorem: Let M denote an oriented 
matroid of rank 3. Suppose M has a modular line L, such that the n points of M not in L arc 
not all collinear. Then L has at least $( n + 3) points. 
1. Introduction 
P.R. Scott [IO] posed the problem of determining the minimum number of 
directions determined by n points in the plane which are not all collinear. Let f(n) 
denote this number. Improving a result of Scott {lo] G.R. Bmfon and G.B. Purciy 
proved that f(n) > f(n - 1) [2]. 
We improve the theorem of Burton and Purdy by proving 
Theorem 1.1. Let M denote an oriented matroid of rank 3. Suppose M has a 
modular line L (i.e. a line L which meets every other line in a point) such that the n 
points of M not in L are not all collinear. Then L has at least $(n + 3) points. 
Consider n points in the plane, not all collinear, and let L1, . . . , L,,, be the lines 
joining these poiaps. Suppose that m’ directions are determined. Adding the line 
at infinity L and the m’ points (lying on L) through which all the lines L,, . a , L,,, 
pass we obtain a system of points and lines which we may consider as an oriented 
matroid of rank 3. Then it follows from Theorem 1 .I that the minimum number 
of directions determined by n points, not all collinear, is at least $(n + 3). 
We remar+ also that the following Theorem 1.2 is equivalent to Theorem 1.1. 
This is a’[? inlmediate consequence of the paper by Folkman and Lawrence: they 
associate to a simple (i.e. with no loops or parallel elements) oriented matroid of 
rank 3 a non-trivial arrangement of pseudolines (and vice-versa) [7]. 
Theorem 1.2. Let ait -IL,, . . . , L} be a non-trivial arrangement of pseudolines. 
Suppose there is a point F of the arrangement, such that for every point Pi of &, 
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different from the point P. there is a pseudoline joining Pi and P. Then 
I(Li i P E &)\ 3 $(I(Lj 1 P$?! Lj}l + 3). 
For the background material on matroids see [6.11,12] and on oriented 
matroids see [I, 7 3. For definitions and results on convexity in matroids see [9]. 
2. Lemmas and pwofs 
Lemma 2.1. Let M denote an acyclic matvoid of rank 3. Suppose M has a modular 
line L. 73ert M has 3 or 4 extreme points and oae of them is in L. 
Proof. Let M bc an acyclic oriented matror ‘d and let H be one of its modular 
hyperplanes. Then there is at least one [9] and at most two extreme points of M 
not in f-J. Indeed it is not possible to have n, n 2 2, extreme points not in H such 
that these points have the same sign in the cocircuit determined by H. If it is not 
the case let PI, Pz be two of these points. Then the line L’ joining these points 
is an acyclic matroid of rank 2 and PI. Pz are its extreme points [9]. But this is not 
possible because the intersection point of L’ and H is not between P, and P,. 
If M has rank 3 it has 3 or more extreme points [9] and thus one on the 
modular line. Cl 
J_emma 2.2 generalizes to oriented matroids a lemma of Burton and Purdy [2]. 
Their proof uses topological properties of a zonohedron. It is possible to translate 
it in matroidal language because the topological properties of a zonohedron of 
dimension n are properties of a guitable realizable oriented rnatroid of rank n (i.e. 
the matroid is coordinutizable lor representable) over R, and its orientation is 
dctermincd by its coordinatization, see [ 1,7]). 
More precisely. A zonohedron Z is a convex polyhedron expressible as the 
convex sum of a finite set of line segments S,, . . . , S,, each of non-zero length, in 
n-dimensional euclidean space II??‘. We assume, without loss of generality, that the 
origin 0 is the center of each line segment S,, i = 1, . . . , r, and therefore also of 2. 
If S, =conv{---xi, }, i = 1,. . . , r. for some set X=(x,,. . . ,x,}, then another 
definition of Z is the following 
Z=(.rER”:X=ar,X,+*..+a,X,, -lsaiSl, i=l....,r}. 
We assume that the set X linearly spans R” so that Z is of dimension n. 
Coseter’s first projective diagram for Z [S] consists on the set of the points X, 
regarded as lyinp in a projective space P,, ._ ,, together with all the projective 
subsp:tces of P,, _ , that are spanned by subsets of X. This projective diagram can 
be considered as a realizable oriented matroid of rank 11 [ 1,7]. The topological 
properties of the zonohedron Z can be easily discernable from its first projective 
diagram. (We leave the details to the reader. S$ee [5, 131 for related results.) 
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Lemma 2.2. Let M denote an oriented matroid of rank 3. Suppose M has a 
modular he L. Let ti be the number of lines of M, other than the modular line L, 
which have i points. Then 
t22 C $(i2-4i+2)ti. 
i*4 
Proof. We suppose, without loss of generality, that M is a simple orien& 
matroid and for every point X of L there is a line L’ of M such that 3t E L’, L’ + L 
and L’ has at least 3 points. , 
Now let L’ be a line of M, other than the modular line L, and suppose thak L’ 
has at least 4 points. 
Let 6 denote an acyclic orientation, resulting of the oriented matroid M by :ign 
reversal on the set of the points of M, such that L’ is a facet of 6 but L is nor!. By 
Lemma 2.1 6 has exactly 3 extreme points. Let 0 be the intersection point cl the 
lines L’ and L. Let D be the extreme point of 6 in L and let A and I3 bl: the 
extreme points of 6 in L’ (see Fig. 1). 
We also suppos e, without loss of generality because L’ has at least 4 points. that 
ihere is a point C between A and 0 (i.e. considering the circular order OF the 
points of the line L’ related to its structure of oriented matroid of rank 2 we 
suppose the points A and 0 are not adjacent [8]). 
The line of M joining A and D has only 2 points. Otherwise the al;yclic 
orientation 0{j~ resulting from 0 by sign reversal on the extreme point A, has no 
extreme points in the line L. Then t!- rere are at least IL’1 - 3 two points line5 in M 
connecting D and a point of the line L’. In fact if . . . , Al, AZ,. . . , Ai = 
0 ,..., A,,A ,,... is the circular order of the points in L’ and if A! 1.5 not _ 
adjacent to 0 it is possible by sign reversal to construct an acyclic orientat i!3n 0” 
of M such thar L’ is a facet but L is not and Ai and .D are extreme points of 0’. 
Consider again Fig. 1. Suppose now that there is a point E between 0 :7nd D 
such that all thie lines joining C (resp. B) and D or C (resp. B) and every pctint X 
between E and D have only two points. 
We claim that the line joining A and E has only two points. Suppose nc,t, and 
let Y be a new point in this line. Then Y is not between A and E because this 
condition imply that the line joining C and Y meets the line L through thle point 
D or in a point between D and E. And if E is between A and Y then 1he line 
D 
//4/l 
A C 0 B 
Fig. 1. 
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joining B a~! Y meets the line L through the point D or in a point between D 
and E, which also is impossible by hypothesis. 
Let . . . . D=D1...., Dz ,..., D,=O )... be the circular order of the points of 
the line L and suppose that the line L’ has i points. It follows that there are 
(i - 1) - 2k two points lines in M, connecting one point in the line L’ and the point 
Dk of the line L for k=l,..., [$[i - l)]. Thus there is a family 9+(L’) of 
fCi--1)/21 
C (i-l-2k)= 
k-l 
if i is even, 
if i is odd + 
lines in M with two points one of which lies in the line L’ the other in the line L. 
Now let 0” be the acyclic orientation resulting of the orientation 6 be sign 
reversal on the set of the points of M not in L’. The new er.treme points of 6” are 
A, 13 and Q,, + Similary to the construction of S+(L’) we can prove that there is 
a family 9- (L’) of I$P(L’>I lines with two points one of which in the line L’ the 
other in the line L. 
We claim that the two families 5+(L’J and $-ii’) are disjoint. Indeed consider 
the acyclic orientation 6 and let TE iF+(L’) n S’-(L’). Suppose that T meets the 
line L’ through the point C’ and the line L through the point E. let X be a point 
of M not in the lines L and L’ (such a point X always exist beeause the points not 
in E are not ail collinear). Let 2 be the intersection point of the line L and 
the line joining C’ and X. Then the condition T E S’(L’) implies that 2 is 
between E and 0 and the condition TE SW(L’) implies that Z is between E and 
D. 
Let L’ be any line of M, different from the modular line L and joining at least 4 
points: we then denote 
WL’) = 9’(L’) u 2F (L’). 
WC claim that if L’, L” are two lines for which 9(U) and $(L”) are defined, 
then 9(L’) 17 9(V) = $9 except (eventually) when L’ and L’ have both an even 
number of points. Suppose not, let IL’1 be odd and let T be a two point line such 
that TE SF(L’) n S(L”). Let A and E be the extreme points of T. Let 6 be an 
acyclic orientation of A4 such that L’ is a facet but L (the modular line) is not. Let 
0 be the intersection point of the lines L’ and L. Let D be the extreme point of 
A4 ill L. There is a point B adjacent to A in the line L’ such that the line T’ 
j king B and E is in the family ZF(L’) (by lronstruction of the family tF(L’) 
and tJ;cause L’ is odd). Then we may suppose, without loss of generality, that A 
and B are the extreme points of the line L’. Let 0’ be the intersection point of 
the lines L” and L (see Fig. 2). By construction of the family ,4(V), the condition 
7% QF( L”) implies that 0’ is not an extreme point of the line L” (because 0’ and 
A are necessarily not adjacent). Let B’ be this new extreme point. Then the line 
T” joining B and B’ meets L in a point Z between E and 0’. Thus T”E ZF(L”J 
and there is at least 3 points in T” which 5 not possible. 
Directions in the plane 13s 
It is 
points 
Thus 
Fig. 2. 
an easy consequence of the definition of the families 9 that for every two 
line T there is at most two lines I,’ and L” such that 7% S(L’) n ZF(L”). 
f23 C $(i_l)(i_3)ti+ C ($(i-2)2-l)fi, 
i*4 i24 
t2S C $(i2-4i+2)t 1’ Cl 
i24 
Proof of Theorem 1.1. We suppose, without loss of generality, that A4 is a simple 
oriented matroid and for every point X of L there is a line L’ such that X E L’, 
L’ # L and L’ has at least 3 points. 
Let ti be the number of lines other than L, which have (exactly) i points. Let I 
be the number of the points of the line L. Then we have 
The number of lines of the matroid obtained from M by removing all the points 
in the line L is just c. ,a3 ti. Then from a classical De Bruijhi and Erdos’s Theorem 
[3], wc have 
SUPPOSC that ti =O for i =4,5,. . . . Then 
In = t2+2t3) n(n - 1) 
because tz> 0 (see [4] for a short proof). Thus L has at least n points. 
Suppose that ti = 0 for i = 5,6, . . . . Then we have (see [4]) t2a t4+ 3 and we 
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have also 
In = C (i-1)4= tz+2t3+3ts>2t~+4tq~ 2” +n. 
ia 0 
Thus L has at least $(n + 3) points. 
Suppose now that there is i, i 2 5, such that ti # 0. Applying Lemma 2.2 we have 
21?l=2 C (i-l)ti*tz+ C $(i2-4i+2)&+4ts+ C 2(i_l)ti 
ia i*4 i*4 
1 
2 C (l) ti+ C ti + 1 $(i_4)ti>(~)+d+FL 
ia iH i34 
Then L has at lea tit $(n + 3) points and Theorem 1.1 follows. Cl 
We remark that it is not possible to drop the condition ‘oriented’ in Theorem 
1. The Fano matroid is an example of a matroid of rank 3 for which Theorem . 
1.1 is not true. 
We note that the lower bound of Theorem 1.1 is certainly not achieved. For 
example the lower bound for n = 3.4,s is exact but for r, = 6 it is easy to prove 
that the correct lower bound is 6 and by Theorem 1.1 the lower bound is 5. 
By similarity to a conjecture. of Scott [lo] we state the following 
Conjecture. Let M denote an oriented matroid of rank 3. Suppose M has a 
modular line such that the n points of M not in L are not all collinear. Then L 
has at least 2[$n] points. 
Nate added in proof 
After this paper was written, Peter Ungar using allowable sequences has found 
a nice proof of Scott’s conjecture (“2N noncollinear points determine at least 2N 
direr tions”, preprint). 
The notion of an allowable sequence (of permutations), a combinatorial 
objL *t which encodes the order properties of a planar configuration of points, has 
been introduced by Jacob E. Goodman and IRicbard Pollack (“On the combinator- 
ial classification of nondegenerate configurations in the plane”, J. Combin. Theory 
(A) 29 (1980) 220-235). The allowable sequences can be considered as an 
interesting characterisation of rank three oriented matroids (see my paper “Sur 
les matroides orient& de rang trois et les arratngements de pseudodroites dans le 
plan projectif reel”, Theorem 2.1, I@ IV, to be published in European J. 
Corn binatorics). 
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